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Abstract. Let a be an endomorphism and 5 an <r-derivation of a 
ring R. In this paper, we show that if R is (<r, 5)-skew Armendariz 
and aa(b) = implies ab = for a,b G R. Then R is symmetric 
(respectively, reversible) if and only if R is er-symmetric (respec- 
tively, cr-reversible) if and only if R[x; cr, S] is symmetric (respec- 
tively, reversible). Moreover, we study on the relationship between 
the Baerness, quasi-Baerness and p.q.-Baerness of a ring R and 
these of the Ore extension R[x; a, 5]. As a consequence we obtain 
a partial generalization of |llj . 



Introduction 

Throughout this paper, R denotes an associative ring with unity. 
a is a ring endomorphism, and 5 an a-derivation of R, that is, 5 is 
an additive map such that 6(ab) = a (a) 6(b) + S(a)b for all a,b G R. 
We denote R[x; a, 5} the Ore extension whose elements are polynomials 
over R, the addition is denned as usual and the multiplication subject 
to the relation xa = a(a)x + 5(a) for all a G R. A ring R is called 
symmetric if abc = implies acb = for all a,b,c G R. A ring R is 
called reversible if ab = implies ba = for all a,b G R. Reduced 
rings (i.e., rings with no nonzero nilpotent elements) are symmetric 
by Anderson and Camillo [H Theorem 1.3]. Commutative rings are 
clearly symmetric, symmetric rings are clearly reversible. Polynomial 
rings over reversible rings need not to be reversible, and polynomial 
rings over symmetric rings need not to be symmetric (see [16J and 
[23]). From [3], a ring R is called right (respectively, left) a -reversible 
if whenever ab = for a,b G R, ba(a) = (respectively, a(b)a = 0). 
Also, by [19J, a ring R is called right (respectively, left) a -symmetric if 
whenever abc = for a, b, c G R, aca(b) = (respectively, a(b)ac = 0). 
Rege and Chhawchharia [22], called a ring R an Armendariz if whenever 
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polynomials / = YA=o a i x ^ 9 = YJ^^j^ e R [ x \ satisfy fg = 0, 
then ciibj = for each The term Armendariz was introduced by 
Rege and Chhawchharia [22] ■ This nomenclature was used by them 
since it was Armendariz [21 Lemma 1], who initially showed that a 
reduced ring always satisfies this condition. According to Krempa [IB] , 
an endomorphism a of a ring R is called to be rigid if aa(a) = implies 
a = for all a € R. A ring R is called a-rigid if there exists a rigid 
endomorphism a of i?. Note that any rigid endomorphism of a ring 
R is a monomorphism and a-rigid rings are reduced by Hong et al. 
[XI] . Also, by [HI Theorem 2.8(1)], a ring i? is a-rigid if and only if 
R is semiprime right a-symmetric and a is a monomorphisme, so right 
a-symmetric (a-reversible) rings are a generalization of a-rigid rings. 
Properties of a-rigid rings have been studied in [DJ, [TTJ, H21 [TH] • In [12] , 
Hong et al. defined a ring R with an endomorphism a to be a-skew 
Armendariz if whenever polynomials / = X^=o a * xi ' 9 = Y^j=o^3 x ^ e 
-R[x; a] satisfy fg = then aj<7*(&j) = for each According to 
Hong et al. [13J. A ring R is said to be a- Armendariz, if whenever 
polynomials / = J2i=o a i x \ 9 = T^Lo^ e R[x;cr] satisfy fg = 
then cij&j = for each i,j. From Hashemi and Moussavi [TU], a ring 
i? is called a (a, 5)-skew Armendariz ring if for p = J2™ =0 ai% 1 and 
9 = X]jlo^i x ' 7 m <5]> PQ = implies aiX l bjX^ = for each 

By Hashemi and Moussavi [9], a ring is a- compatible if for each 
a,b £ R, ao(b) = if and only if ab = 0. Moreover, R is said to be 
5- compatible if for each a,b G R, ab = implies a5(6) = 0. If i? is both 
a-compatible and 5-compatible, we say that R is (a, 5)- compatible. A 
ring R is a-rigid if and only if R is (a, 5)-compatible and reduced [9J, 
Lemma 2.2]. 

In this paper, we study the transfert of symmetry (a-symmetry) and 
reversibility (a-reversibility) from R to R[x; a, 5]. We show, that if R is 
(a, 5)-skew Armendariz and aa(b) = implies ab = for a,b & R. Then 
i? is symmetric (respectively reversible) if and only if R is a-symmetric 
(respectively a-reversible) if and only if if R{x; a, S] is symmetric (re- 
spectively, reversible). As a consequence we obtain a generalization of 
[TBI Theorem 3.6], [HI Proposition 3.4], [16J, Proposition 2.4], [31 Corol- 
lary 2.11] and [191 Theorem 2.10]. A connection between reversibility 
(respectively, symmetry) and a-reversibility (respectively, a-symmetry) 
of a ring is given. Moreover, we study on the relationship between the 
Baerness, quasi-Baerness and p.q.-Baerness of a ring R and these of 
the Ore extension R[x;a,6). As a consequence we obtain a partial 
generalization of [TTJ Theorem 11, Corollaries 12 and 15]. 

1. PRELIMINARIES AND EXAMPLES 

We begin with the following definition. 
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Definition 1.1. Let a be an endomorphism of a ring R. We say that 
R satisfies the condition (C a ) if whenever aa(b) = with a,b G R, then 
ab = 0. 

In the Ore extension R[x; a 5], we have for n > 0, x n a = Y^=o fi( a ) xl 
where /" G End(R, +) will denote the map which is the sum of all 
possible words in cr, 5 built with i letters a and n — i letters 5. (In 
particular, ft = a n , / n = 5 n ), [21 Lemma 4.1]. 

Lemma 1.2. Let R be an (cr,5)-skew Armendariz ring satisfying the 
condition (C a ) and n > 1 a natural number. If ab = then a n (a)b = 
5 n (a)b = for all a,b G R. 

Proof. It suffices to show the result for n = 1. Let / = a(a)x + 5(a) 
and g = b such that ab = 0. Then fg = o~(a)xb + S(a)b = o~(ab)x + 
a (a) 5(b) + 5(a)b = o~(ab)x + 5(ab) = 0. By Proposition 12.14 we have 
a(a)b = 5(a)b = 0. □ 

Lemma 1.3. Let R be an (a, 5)-skew Armendariz reversible ring satis- 
fying the condition (C a ). If ab = 0, then a f 1(b) = for all i,j (i < j). 

Proof. Let a, b G R such that ab = 0, since R is reversible we have 
ba = and so a n (b)a = 5 n (b)a = 0, by Lemma 11.21 Also, we have 
aa n (b) = a5 n (b) = for all n G N. Thus a f 1(b) = for all i, j. □ 

In the next, we show some connections between (a, <5)-skew Armen- 
dariz rings, cr-rigid rings and rings with the condition (C a ). 

Example 1.4. Let Z be the ring of integers and Z4 be the ring of 
integers modulo 4- Consider the ring 

r= <; 1 ^ b )\aez,bez 4 



a 



Let a: R —>■ R be an endomorphism defined by a 



a b\\ _ fa —b 
a " a 



Take the ideal I = | ^ \a G 4Zj of R. Consider the factor ring 
(i) R/I is nota-skew Armendariz. In fact, ((^ ^j^fg 2" ^ X 



0e(R/I)[x;a],but(j ) ^ . 

(ii) R/I satisfies the condition (C w ). Let A = f ° j^j , B = G 
R/I. If Aa(B) = then act 7 = andaF = ba 7 = 0, so that AB = 0. 
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Example 1.5. Consider a ring of polynomials over 1,2, R — ^[x]. Let 
a: R — > R be an endomorphism defined by o~(f(x)) = /(0). Then: 

(i) R does not satisfy the condition (C a ). Let f — l+x,g — x&R, 
we have fg=(l + x)x ^ 0, however fa(g) = (1 + x)a(x) = 0. 

(ii) R is a -skew Armendariz p2J Example 5]. 

Example 1.6. Consider the ring 

where Z and Q are the set of all integers and all rational numbers, 
respectively. The ring R is commutative, let a : R — *> R be an automor- 

' a t\\ _ fa t/2 N 



phism defined by a ( t ^ ( , 1 J \ q 

(i) R is not a-rigid. q) ff ffo o)) = °' (o ' ^ °' ^ 
t ^ 0. 

(ii) R satisfies the condition (C a ). Let y ^ ^ J and y ^ ^ ) G i? 



I V o I "=»■ 



0, Zience I ^ M [ n f ) = 0. VFe aai>e a/so t/ie same /or i/ie 



hence oh = = ax/2 + tb, so a = or b = 0. In eaca case, ax + £o 
a £ \ / 6 x 

s ojl^O 6 

converse. 

(Hi) R is a -skew Armendariz [TT], Example 1]. 

Examples 11.41 and 11.51 shows that the (a, 5)-skew Armendariz prop- 
erty of a ring and the condition (C a ) are independent of each other. 
From [HI Lemma 2.2], [HI Lemma 2.5] and Example II .61 The class of 
a-rigid rings is strictly included in the class of (a, <5)-skew Armendariz 
rings satisfying the condition (C a ). 

2. Reversibility and Symmetry of Ore Extensions 



From Isfahani and Moussavi |21j . a ring R is called skew Armendariz, 
if for / = Y, n i=Q a i x \ 9 = Y.™=o b jX J e R[x;a,5], fg = implies 
a bj = for all j. Obviously, (a, <5)-skew Armendariz rings satisfying 
the condition (C a ) are skew Armendariz. But the converse is not true 
by Example O 

Proposition 2.1. Let R be a ring, o an endomorphism, and 5 an o- 
derivation of R. If one of the following conditions is satisfied. 

(i) R is (a, 5) -skew Armendariz and satisfies the condition (C a ); 

(ii) R is skew Armendariz and R[x; a, 5} is symmetric; 

Then, for f = Y^h=o aiX% an( ^ 9 = Sj=o G R[ x ] °"> $]> fg — implies 
afij = for all i,j. 



ORE EXTENSIONS OF EXTENDED SYMMETRIC AND REVERSIBLE RINGS 5 



Proof. Let / = XT=o a i x \ 9 = Sj=o £ R[ x \ 8\ suc h that fg = 0. 

(i) Since R is (ex, 5)-skew Armendariz, then 3 = for all i,j. Or 
aiX l bjX ] = cii YH=o fKbj)^ — aia l (bj)x l+: > +p(x) = where p(x) is a 
polynomial of degree strictly less than i+j. Thus a,icr l (bj) = 0, and by 
the condition (C a ) we have afij = for all i,j. 

(ii) We have (a + aix + - ■ ■ + a n x n )(b + bix + ■ ■ ■ + b m x m ) = a (bo + biX + 

h b m x m ) + (aix H h a n x n ) (b Q + b\X-\ h b m x m ) = 0, or a bj = 

for all j, because R is skew Armendariz. So that (a\x+- ■ ■ + a n x n )(bo + 
hx + --- + b m x m ) = (ai + ■ ■ • + a n x n ~ l )x(b + hx + • • • + 6 m a; m ) = 0. 
Since a, 5] is symmetric, then we have (a%x + • ■ ■ + a n x n ) (bo + b\x + 
• • ■ + b m x m )x = 0, hence ai&j = for all j. Continuing this process, we 
have aibj = for alH, j. □ 

Proposition 12.11 shows that, cx-skew Armendariz rings satisfying the 
condition (C a ) are a- Armendariz. 

Example 2.2. Consider the ring R = Z 2 [x]. Let a: R — > R be an 

endomorphism defined by a(f(x)) = /(0). Then 

(i) R[y; a] is not reversible (so is not symmetric) : Let f = ay , g = b G 
R[y; a] with a = 1 + x and b = x, then fg = ayb = aa(b)y = 0. But, 
g f = bay = x(l + x)y ^ 0. 

(ii) R does not satisfy the condition (C a ) (see Example \1.5b . 

(Hi) R is skew Armendariz: Since R is a-skew Armendariz, by [121 Ex- 
ample 5]. Then [2TI Theorem 2.2] implies that R is skew Armendariz. 
(iv) R is not a -Armendariz by [T3], Example 1.9]. 

By Example 12.21 the conditions u R[x; a, 5} is symmetric" and "the 
condition (C CT )" in Proposition 12.11 are not superfluous. 

Lemma 2.3. Let R be an (a, 5) -skew Armendariz ring satisfying the 
condition (C a ). Then, for f = Y17=o a % x% ■. 9 = Y^=o^j x ^ an< ^ h = 
Ylk=o Ckxk e a i if fffh = then aibjCk = for all i,j, k. 

Proof. Let / = J2i=o a i x \ 9 = YJj=o b j xJ ancl h = J2l=o c ^ xk £ R[ x ;o-,5]. 
Note that if fg = then a^g = for all i. Suppose that fgh = then 
ai(gh) = for all i, so (aig)h = for all i. Then by Proposition 12.11 
we have aibjCk = for all i,j, k. □ 

Theorem 2.4. Let R be an (a, 5) -skew Armendariz ring satisfying the 
condition (C a ). Then 

(1) R is reversible if and only if R[x; a, 5] is reversible; 

(2) R is symmetric if and only if R[x; a, 5] is symmetric. 

Proof. Note that any subring of symmetric (respectively, reversible) 
ring is again symmetric (respectively, reversible). Conversely, let / = 

Er=o a i x ^ 9 = EJLo h o x3 and h = ELo °k xk e °"> 5 ]- 

(1) If fg = then afij = for all i,j (by Proposition 12.11) . Since 
R is reversible, we have &j-a, = for all i,j, Lemma 11.31 implies that 
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bjfUfli) = for all Thus gf = Eto E7=o EjLo hfOfli)^* = °- 
(2) If fgh = then a^jC^ = for all i,j, k, by Lemma [4.11 Since R is 
symmetric, OjC^foj = for all i, j, k. Also, i? is reversible then by Lemma 
11.31 we have a>ifl(ckft(bj)) = for all i,j,k,s,t with (s < i, t < k). 
Thus fhg = 0. □ 

According to Hong et al. [131 Theorem 1.8], if R is cr-Armendariz 
then R is cx-skew Armendariz. But the converse is note true by [TBI 
Example 1.9]. 

Theorem 2.5. R is a -Armendariz if and only if R is a -skew Armen- 
dariz and satisfies the condition (C a ). 

Proof (=>). By [131 Proposition 1.3(h) and Theorem 1.8]. (<=). Let 
/ = a + aix + • • • + a n x n and g = b + b\X + • • • + b m x m G R[x; a], 
such that fg = 0, since R is cr-skew Armendariz then a,ia l {bj) = for 
all i,j. Since R satisfies the condition (C a ) then a^bj = for all i,j. 
Therefore R is a- Armendariz. □ 

We clearly obtain the following corollaries of Theorem 12.41 

Corollary 2.6 ([131 Theorem 3.6]). Let R be an a -Armendariz ring. 
Then 

(1) R is reversible if and only if R[x; a] is reversible. 

(2) R is symmetric if and only if R[x; a] is symmetric. 

Corollary 2.7 ([14, Proposition 3.4] and pH Proposition 2.4]). Let R 

be an Armendariz ring. Then 

(1) R is reversible if and only if R[x] is reversible. 

(2) R is symmetric if and only if R[x] is symmetric. 

3. a- Reversibility and <t-Symmetry of Ore Extensions 

In the next Lemma we give a relationship between a-reversibility 
(respectively, a-symmetry) and reversibility (respectively, symmetry). 

Lemma 3.1. Let R be a ring and a an endomorphism of R. If R 
satisfies the condition (Co-). Then 

(1) R is reversible if and only if R is a -reversible; 

(2) R is symmetric if and only if R is a -symmetric. 

Proof. (1) Let a,b G R, ah = implies bo~(a) = 0, with the condition 
(C a ), we have ba = 0. So R is reversible. Conversely, let a,b G R, 
suppose that ab = 0. If bo~(a) ^ (i.e., R is not right a-reversible) , the 
reversibility of R gives a(a)b ^ 0. Also, R satisfies {C a ), then a(ab) ^ 0. 
Contradiction. Now, if o~(b)a ^ (i.e., R is not left cx-reversible), the 
condition {C a ) gives a{ba) ^ 0. Contradiction, because R is reversible. 
(2) Let a,b,c G R such that abc = 0. We have bca = (by reversibility), 
so caa{b) = (by right a-reversibility) , then o~{b)ca = (by reversibil- 
ity), and so a{b)ac = 0. So we have the left cr-symmetry. With the 
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same method, we obtain the right cr-symmetry. Conversely, if abc = 0, 
by right cr-symmetry we have aca(b) = 0, then acb = by the condition 

Example 3.2. Let Z2 is the ring of integers modulo 2, take R = Z2©2^ 
with the usual addition and multiplication. R is commutative, and so 
R is symmetric (so reversible) . Now, consider a: R — > R defined by 
a((a,b)) = (b, a). Then, we have: 

(i) R is not a -reversible (so not a -symmetric): For a = (1,0) and 
b = (0, 1), we have ab = 0, but ba(a) = b 2 = b 7^ 0. 

(ii) R does not satisfy the condition (C a ): aa(a) = 0, but a 2 = a ^ 0. 

By Example 13.21 we see that "the condition (C a ) n in Lemma [3.1j is 
not superfluous. 

Theorem 3.3. Let R be an (a, 5) -skew Armendariz ring satisfying the 
condition (C a ). The following statements are equivalent: 

(1) R is reversible; 

(2) R is a -reversible; 

(3) R is right a -reversible; 

(4) R[x; a, 5] is reversible. 

Proof (1) ^ (4). By Theorem O 

(1) =^ (2) and (2) =^ (3). Immediately from Lemma [3.1[ 

(3) (1). Let a, b G R, if ab = then ha (a) = (right a-reversibility) , 

so 6a = (condition (C a )). □ 

Theorem 3.4. Let R be an (a, 5) -skew Armendariz ring satisfying the 
condition (C a ). The following statements are equivalent: 

(1) R is symmetric; 

(2) R is a-symmetric; 

(3) R is right a-symmetric; 

(4) R[x; a, 5] is symmetric. 

Proof. As of Theorem 13.31 □ 

The next corollaries are direct consequences of Theorems 12.51 13.31 
and El 

Corollary 3.5 ([31 Corollary 2.11]). Let R be an a-Armendariz ring. 
The following statements are equivalent: 

(1) R is reversible; 

(2) R is o -reversible; 

(3) R is right a -reversible; 

(4) R[x;o~] is reversible. 

Corollary 3.6 ( [191 Theorem 2.10]). Let R be an a-Armendariz ring. 
The following statements are equivalent: 

(1) R is symmetric; 

(2) R is a-symmetric; 
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(3) R is right asymmetric; 

(4) R[x; a] is symmetric. 

4. Related Topics 

In this section we turn our attention to the relationship between the 
Baerness, quasi-Baerness and p.q.-Baerness of a ring R and these of 
the Ore extension R[x;a, 5} in case R is right cx-reversible and satisfies 
the condition (C a ). For a nonempty subset X of R, we write tr(X) = 
{c G R\dc = for any d G X} which is called the right annihilator of 
X in R. 

Lemma 4.1. If R is a right a-reversible ring with cr(l) = 1. Then 

(1) er(e) = e and 5(e) = for all idempotent e G R; 

(2) R is abelian. 

Proof (1) Let e an idempotent of R. We have e(l — e) = (1 — e)e = 
then (1 — e)cr(e) = ecr((l — e)) = 0, so er(e) — ecr(e) = e — ecr(e) = 0, 
therefore er(e) = e. Also, 5(e 2 ) = e5(e) + 6(e)e implies (1 — e)S(e) = 
eS(e), so (1 — e)(l — e)S(e) = 0, thus 5(e) = e5(e). On other hand 
(1 — e)e5(e) = e5(e) implies e5(e) = 0. Therefore 5(e) = 0. (2) Let r G 
R and e an idempotent of R. We have e(l — e) = then e(l — e)r = 0, 
since R is right cr-reversible then (1 — e)rcr(e) = = (1 — e)re = 0, 
so re = ere. Since (1 — e)e = 0, we have also er = ere. Then R is 
abelian. □ 

Kaplansky [TS], introduced the concept of Baer rings as rings in 
which the right (left) annihilator of every nonempty subset is generated 
by an idempotent. According to Clark [8], a ring R is called quasi-Baer 
if the right annihilator of each right ideal of R is generated (as a right 
ideal) by an idempotent. It is well-known that these two concepts are 
left-right symmetric. 

Birkenmeier, Kim and Park [1] , called R a right p. q. -Baer (principally 
quasi-Baer) ring if the right annihilator of a principal right ideal of R 
is generated by an idempotent. Similarly, left p.q.-Baer rings can be 
defined. R is called a p.q.-Baer ring if it is both right and left p.q.-Baer. 
The class of p.q.-Baer rings has been extensively investigated by them 
pE]. This class includes all biregular rings and all (quasi-) Baer rings. 

Theorem 4.2. Let R be a right a-reversible ring which satisfies the 
condition (C a ) with a(l) = 1. Then 

(1) If R is a Baer ring then R[x; a, 5] is a Baer ring; 

(2) If R is a quasi-Baer ring then R[x; a, 5} is a quasi-Baer ring. 

(3) If R is a p.q.-Baer ring then R[x; a, 5} is a p.q.-Baer ring. 

Proof. (1). Suppose that R is Baer. Let A be a nonempty sub- 
set of R{x; a, 5} and A* be the set of all coefficients of elements of 
A. Then A* is a nonempty subset of R and so r^(A*) = eR for 
some idempotent element e G R. Since e G r^.^s] (A) by Lemma 



ORE EXTENSIONS OF EXTENDED SYMMETRIC AND REVERSIBLE RINGS 9 

ED We have eR[x;a,5] C r^.^] ( A) . Now, let ^ q = b + 
b\x + 6 2 :r 2 + ••• + b m x m G r^^.a-^j (A) . Then Aq = and hence 
= for any p 6 A Let p = a + aix + a 2 a; 2 + • • ■ + a n x n , then 

pq = Yn=oYlk=o ( a «Z]j=o/j( & fc)) xJ+k = °- So ' we nave the following 
system of equations: 

a n a n (6 m ) = 0; (0) 
a n cr n (6 m _i) + a n _icr n_1 (6 m ) + a n f%_ x {b m ) = 0; (1) 

flnff"(6m-2) + a n _i<7 n_:L (& m _i) + a n /n-l( fe m-l) + an-2^~ 2 (>m) (2) 
+an-lfn-2(bm) + ttn/n-^i^m) = 0; 

a n a n (6 m _ 3 ) + a ri _icr ri ~ 1 (6 m _ 2 ) + a n /^_ 1 (6 OT _ 2 ) + a n _ 2 (x ri ~ 2 (& m -i) (3) 

+ a n-l/n- 2 (^m-l) + a nfn-2 ipm-l ) + ^n-S "™ 3 (&m) + a n-2fn-i(P m ) 

+a n . 1 f^(b m ) + a n fZ_ 3 (b m ) = 0; 



i=0 fc=0 



j=0 



^ai<J*(6d) = 0. (n + m) 

i=0 

From Eq. (0), we have a n 6 m = then 6 m G r R (A*) = eR. From Eq. 
(1), we have a„a n (6 m _i) = 0, because a n _ 1 cr n_1 (6 TO ) = dnf^^bm) = 0. 
So, we have a n 6 m _i = then 6 m _i G r^(y4*) = ei?. From Eq. (2), 
we have a n a n (b m _ 2 ) = 0, because a„,-icr" _1 (6 m _i) = a n / 1 ^_ 1 (fe m _i) = 
a n _ 2 (7 n ~ 2 (6 m ) = a„_i/"r 2 (6 m ) = a n f™_ 2 (b m ) = 0. So 6 m _ 2 G r R (A*) = 
ei?. Continuing this procedure yields 6 m , 6 m _i, 6 m _ 2 , • • • , bo G 7\r(A*). 
So, we can write q = eb + eb\x + eb 2 x 2 + ■ • • + b m x m G eR[x; a, 5]. 
Therefore eR[x;a, 6] = rn[ x -a,8](A). Consequently, R[x;a, 5] is a Baer 
ring. 

(2) The proof for the case of the quasi-Baer property follows in a 
similar fashion; In fact, for any right ideal A of R[x;a,S], take A* as 
the right ideal generated by all coefficients of elements of A. 

(3) Since R is right a-reversible then Re is (a, 5)-stable for all idem- 
potents e G R by Lemma [4.11 So by P, Proposition 3.1], we have the 
result. □ 

By [9j Lemma 2.2], cr-rigid rings satisfy the condition (C a ), so The- 
orem H21 is a partial generalization of [11, Theorem 11, Corollaries 12 
and 15]. 
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